INTRODUCT ION
Quantum field theory with local gauge invariance appears to provide the appropriate framework for a dynam- ical theory of all elementary particle interactions. It is well known that electromagnetic interactions were the first to be described this way: the local phase invariance of the Lagrangian allows the construction of a renormalizable quantum field theory that agrees impressively well with experiment. Local phase invariance was generalized to non-Abelian gauge groups by Yang and Mills (1954) and Shaw (1955) 
[Also see Utiyama (1956) , GellMann and Glashow (1961) , and Kibble (1961) . ] Although Yang-Mills theories were immediately seen to be mathematically beautiful and physically suggestive, it was not clear how to construct a sensible model in which the vector bosons (other than the photon) acquire masses without destroying its (then hoped for) renormalizability. Then it was discovered by Higgs (1964a, b) and others that the spontaneous breaking of a local symmetry does not imply a zero-mass Goldstone (1971) provided the crucial proof that spontaneously broken Yang-Mills theories are indeed renormalizable.
By extending the local gauge invariance beyond the U, of electrodynamics, it became possible to construct sensible models of weak and electromagnetic interactions in which the weak bosons acquire large masses (of order 100 GeV) through the Higgs mechanism (Weinberg, 1967; Salam, 1968) . The experimental existence of the weak charged and neutral currents along with the electromagnetic current implies a local symmetry group at least as large as SU, && U, (Glasbow, 1959) . The ) We neglect the effects of gravity in this paper, although there are some brief comments on supersymmetry and supergravity near the end of this section.
Any hypothetical unified Yang-Mills theory of electromagnetic, weak, and strong interactions must have a local symmetry group G at least as large as G" x SU, ':
G~G~x SU", , where G" 2SU, x U, includes the low-mass bosons of the weak interactions and the photon. We assume that the photon couples to one of the G currents and, of course, that the corresponding U, is unbroken. In the minimal scheme SU', x U, x SU" there are three independent coupling constants and much arbitrariness in assigning fermions and other particles to representations of G. From a theoretical viewpoint, this looseness in the formulation of the theory would seem to be an unacceptable price to pay, for example, for economizing on the number of vector bosons. The simpl. est proposal for improving on this situation is to enlarge G so that there is only one gauge coupling constant (Georgi and Glashow, 1974; Fritzsch and Minkowski, 1975) and so that all the elementary fermions (quarks and leptons) are contained in a few irreducible representations of G. In the last of these references, the author s examined many of the cases treated here, but our discussion is somewhat more systematic.
It is assumed in this paper that G is a. Lie group (and not, for example, a graded Lie group), that G contains SU, x U, SU, ', and that there is only one independent gauge coupling. Thus G must be simple, or semisimple in the form G x G (G simple) where some global reflection symmetry constrains the (unrenormalized) gauge coupling constants to the two simple factors to be equal. The requirement that G be simple fixes many parameters and relationships that need to be determined experimentally in the SU, x U, x SU, ' model, but it also implies new interactions of Nature that have not been obsel ved. For the moment we assume the full gauge group G is simple, and leave until later the generalization to G x G theories. The flavor group G ', which is generated by the currents that couple to the color singlet bosons, must include G: G"~G . Thus G has a maximal subgroup decomposition of the form, G~G x SU3.
One purpose of this paper is to list the embeddings of SU, ' in G and to classify the structure of G". Vfe G~G ' x SU', the color singlet part of the adjoint representation then identifies the flavor group, and the remaining bosons are also listed. We construct all other irreducible representations of G with the color restriction and put the fermions into these representations or direct sums of them.
The structure of G" faDs into one of four categories.
We summarize the results of Sec. II in terms of those categor ies.
Class I: G~'=G, x G, x U"where G, is a nontrivial simple factor that transforms only the color singlets, and G, is another nontrivia1. simple factor that transforms only' the color triplets (and (Gunaydin and Gursey, 1973; Gu rsey, 1976) .
The results of our classification are summarized in (Georgi and Glashow, 1973 Adler (1969), Bell and Jackiw (1969) triangle anomalies. The fermion representation falls into one of three categories (Georgi and Glashow, 1973) .
( The experimental bound on the decay rate of the proton into a muon is v '&10~o/year (Reines and Crouch, 1974) , and the half-life of the proton is at least as long as 2x 10'8 years (Gurr et a/. , 1967 (1973, 1974) Table I , and there is no restriction on r, . Such models are similar in spirit to the ones already discussed, so we do not consider them further.
The other possibility, to be considered in more detail, is that SU', is generated by the sum of generators of SU, subgroups of each G factor. ' The color content of a G && G representation (r"r,) then contains the color representations in r, x r,. The restriction that (r"r,) have at most 1', 3', and 3' then implies that r, or r, must be an SU3 singlet. This in turn imposes the requirement that r, be a G singlet and r, be one of the representations in Table I , or vice versa. The only possible fermion representations are then linear combinations of (1, r,) and (r"1).
We first consider the chiral structure of the fermion representation for the case where the reflection symmetry between the two G factors is not parity. If f~has the form (r"r,), then fs transforms as (r"r,) or (r"r,).
We simply obtain the vectorlike and flavor chiral theories, respectively, already summarized in Table II If the only supermultiplet considered is the one with spin 1 and spin 1/2 belonging to the adjoint representation of G, then the symmetry breakdown must be dynamical. However, it is not so ugly to introduce a supermultiplet of matter fields consisting of Majorana fermions, scalars, and pseudoscalars transforming as some representation of G, which could well be the adjoint and/ or one of the representations discussed here for the spin 1/2 fermions. In that case, the Lagrangian is available for inspection, and in reality it is hard to break both the supersymmetry degeneracies and the internal symmetry degeneracies simultaneously as needed (Fayet and ' Iliopoulos, 1974) . If these schemes do work, there will be a Goldstone fermion, which is not the neutrino since it decouples in the zero frequency limit (Freedman and de Wit, 1975; Bardeen, 1975 For such a case, as for the direct product of G with ordinary supersymmetry, our embeddings may well be sufficient and the adjoint representation, described in our work for the spin 1 bosons, can be used also for the spin 1/2 fermions a.nd the spin 0 bosons, in the requisite number of copies. The renormalization group for this type of theory has the fascinating property that the leading g4 term in the GellMann-Low function P(g') vanishes . It has been remarked (Abbott et al. , 1977; Curtright, 1977) that as a consequence the leading term in the anomalous divergence of the supercurrent {ignoring supergravity) also va.nishes. Very recently (Jones, 1977, and Poggio and Pendleton, 1977) calculations of g(g') have been extended to order g' using the method of Jones (1975) (Gliozzi et a/. , 1977) Table I ).
In our examples we examine in some more detail the implications of the possible requirement that the proton be absolutely stable. Although Tables IV-VIII. As a first example, we briefly discuss the familiar SU" models, where the flavor group is identified in Eq.((2.7), the vector bosons are listed in Eq. (2.6), and the n, leptons and n, quarks are assigned to n, with n =n, + Sn, in Eq. (2.4). The antifermions are assigned to n, and the Lagrangian has an additional global symmetry generated by fermion number. Since the n is a complex representation of SU", this theory must be vectorlike to avoid triangle anomalies; see, for example, Fritzsch, GellMann, and Minkowski, 1975; Kingsley, Treiman, Wilczek, and Zee, 1975; de Bujula, Georgi, and Glashow, 1975; and Pakvasa, Simmons, and Tuan, 1975. It is commonly assumed that quarks and leptons occur in SU, doublets with the stindard charge assignment.
Then for each lepton doublet with charges 0 and -1, there must be a quark doublet with charges 2/3 and -1/3 for the sum of the fermion charges to be zero. Table IV .
Our second example involves several choices. We assign the fermions to the n of SO", which is a self-conjugate representation, and the theory is vectorlike. Sup- pose that all fermions are assigned to a single n, Eq.
(2.17), that there is no additional global U"and that the explicit local U, is broken. As long as electric charge and color are the only conserved quantities, the 3' boson-mass eigenstates will be mixtures of the (n"n"3') and [1,~n, (n~+l) while the vector bosons are assigned to the adjoint 63, Eq (2.9) 63=(24 1')+(1,1')+(1 8')+(5 3')+(5 3') n, = n, = n3 = 1 and n, = 0, the leptons in (8', 1'}have the charges (2, 1, 1, 1, 0, 0, 0, -1), which are minus the charges of the leptons in (8, 1'}. The quarks in (8, 3') have charges (5/3, 2/3, 2/3, 2/3, -1/3, -1/3, -1/3, -4/3), and the antiquarks in (8', 3') have minus those charges. The bosons are listed in Eq. (2.18) with n, =1 and n, = 8: 91 = (28 1')+ (1 1')+ (1, 8')+ (8"3')+(8", 3') +(1 3')+(1 3') Table VIII . ) The phenomenology is expected to be quite similar to that of the proton unstable theory Sikivie, 1976, 1977; Hamond, 1976 Hamond, , 1977 study the embedding in terms of the fundamenta, l representation n, vshich is not necessarily the fermion representation, wi&:h a G" xSU3 decomposition of the form n = (n"1') + (n "3')+ (n s, 3'), (2.2) where n"n, and n-, are representations of G". The special unitary group SU" is generated by an algebra (called A. " , in the mathematics literature) of rank n-1 and order n'-1. The geometrical interpretation of SU" is that it leaves invariant the scalar products of vectors in an n-dimensional complex vector space. Its representations are in general complex. The n -1 re-presentations obtained by taking totally antisymmetric k-fold products (n~)"are irreducible and of dimension (~), a binomial coefficient. The conjugate representation of (n~)~is equivalent to (n" ")~. All other representations are obtained from partially symmetrized products of n with itself. The adjoint representation n -1 is contained in the product n x n= (n' -1) + 1.
Because n is complex, the simplest form of Eq. (2.2) n=(n"1, 1')+(1,n"3'), (2.4) where n =n, +3n"and n, and n, are integers greater than 1. n' -1 =(n~-1, 1, 1')+(1,n, ' -1, 1')+(1,1, 1')+(1,1, 8') + (n"n "3')+ (K"n"3')+ (1,n, '-1, 8') . (2. For n, &1, only the n of SU"satisfies the restriction that no more than 1', 3', and 3' occur in the fermion representation; the leptons are assigned to (n"1, 1') and the quarks to (1, n"3') of Eq. (2.4). The assignment must be vectorlike in order to avoid divergences fromtriangle anomalies.
Case 2:
We may ignore the trivial case n, =1 in Eq. (2.4) for which all leptons have the same electric charge, but an interesting special case occurs for n, =1 and n, &1. Then n becomes n = (n"1')+ (1,3'), with n, =n -3. The adjoint representation is n'-1=(n, ' 1, 1')+(-1,1')+ (1,8')+(n"3')+(n"3'), (2.9)
The last term is omitted for k =2. If n is even and k =n/2, (n~)" is self-conjugate. [For example, the 20 of SU, is (6')~, which is equivalent to (6')~.] Otherwise, each of these representations is complex and unsafe from triangle anomaly divergences. There are no other representations of SU" that satisfy our color restriction. Case 4:
The fundamental representation of SQ" is the vector representation n, where n may be even or odd. Since n is self-conjugate, 3' and 3' must appear symmetrically, and Eq. (2.2) must be of the form n = (n"1, 1') y (1, n"3') + (1, n"3'), (2.17) where n =n,~6n, and (n" 1) is a self-conjugate representation of G". Here we consider n, a.nd n, greater than 1; as our notation indicates, this is a Class I embedding.
G" is identified from the adjoint representation (n && n) "= [2 n, (n, -1), 1, 1'] + (1, n, ' -1, 1') + (1, 1, 1') + (1, 1, 8') + (n"n"3') + (n"n"3') only I', 3', 3, the color content of o x o' cannot go beyond 1 3, 3, 6, 6, 8 . However, the color content of o'x o' for the embedding can be computed directly from Eqs. (2.14) and (2.1V). Specifically, if n, &1, (v')~contains a 15', so 0' can satisfy the color restriction only if n, =I in Eq. (2.1V). Since the factor SU", disappears for n, =l, the flavor group is G"=SQ, ", X U, . G" = SO", x SU", x U, .
(2.i9)
The explicit U, in Eq. (2.19) counts 3" s minus 3"s in Eq.
(2.17), and has zero eigenvalue for the color singlet part of n. There are no other representations of SO"(n, . &1) that satisfy our color restriction.
Case 5:
Although the structure of the spinor representations of SO differs for m even and odd, the characterization of their color content is similar enough to treat them together. Recall that we embed SU', through the fundamental representation, Eq. (2.17). The requirement that the spinor representation contain I, 3', and 3' only implies the same for m, as proved in the Appendix. We first show that n, =i in Eq. (2.17), so G" =SO, && U"' we then give the SO, x SU, ' decomposition of the spinors. first consider SQ,, Since the spinor of SO~, has C. Symplectic groups
The symplectic algebra (called C") generates the group Sp,"of transformations that leave invariant a skew-symmetric quadratic form in a real 2n-dimensional vector space. It is of rank n and of order n(2n+1). All of its representations are self-conjugate and may be obtained from Kronecker products of the 2n-dimensional defining representation with itself. The adjoint is the symmetric product of 2@with itself. The products (2n ), are irreducible, while (2n )~i s a sum of two irreducible representations, one of dimension ('"")-(~", ) and the other of dimension (~2",). Since 2n is real, 3' and 3' must appear symmetrical. ly. 1, n' -1, 1') + (1, 1, 1') + (1, 1, 8') + (2n"n"3') + (2n"n"s') Besides the four infinite sequences of simple classical Lie groups, there are five exceptional groups, which do not have the simple geometrical interpretations reviewed above. Instead each is the invariance group of the multiplication table of certain matrices with elements that belong to the nonassociative octonion algebra. It is difficult to build Lie algebras from underlying nonassociative systems, and so their number is limited. These groups have some apparent advantages for particle physics. Quark-lepton universality is assured since the flavor group, which is in Class IV, contains no U, factor to distinguish color triplets from singlets. Also, there is a natural SU'"which is the subgroup of the automorphism group G2 of the underlying octonion algebra that leaves one of its elements invariant. (Of course SU', might be a different subgroup of G, and we consider that possibility also. ) Two of the exceptional groups fal1. outside our assumptions. G, has rank 2, and SU, alone is a maximal subgroup; thus G ' is trivial, lacking even a U, for electromagne tis m. Ea has rank 8 and 248 generators. It is the only Lie group for which the smallest representation is the adjoint; there are no representations satisfying our color restriction.
We have listed for reference the Kronecker products of the fundamental and adjoint representations of the exceptional groups in Table IX. +1+1 of E,. Only the 56 satisfies our color restrictions; (2) If SU,~SU;x SU" then no E, representation satisfies our color restrictions, which is proven in the Appendix.
Case 8:
E, has rank 6 and 78 generators. Its fundamental representation is complex, and decomposes as 26 = (8, 1') + (3, 3') + (3, 3') .
(2.30) If the other SU, were the color group, there would be no E4 representations satisfying our color constraint. (This is proved in the Appendix. ) The SU, x SU, decomposition III~THE ELECTRIC CHARGE OPERATOR The vector bosons responsible for mediating the electromagnetic (and weak) interactions are coupled to gen-Q =+I, +PI, +yIo, (3.1) where I, generates a U, in G" I, generates a U, in G" and lo generates the explicit U, . We shall simply enumerate all the constraints on the eigenvalues of Q.
Case 1:
There is only one constraint on the charges of the fermions in the n of SU": the sum of all quark charges (of all colors) is minus the sum of lepton charges, which is . proportional to y in Eq. (3.1). For the standard charge assignment, this constraint becomes the number of Q =-1 leptons, which equals the number of Q =2/3 quarks minus the number of Q =-1/3 quarks; in this special case, the number of quark flavors is equal to the number of lepton flavors.
Cases 4 and 8:
The vector representations n of SO"and 2n of Sp,"are self-conjugate. If a single n of SQ", say, contains both fermions and their antiparticles, then there is complete freedom in defining the fermion charges. It is also possible that n [Eqs. (2.1V) or (2.26)] contains quarks and antiquarks (p and F) such that p and~are not equivalent. CPT invariance then requires another fermion representation n containing the q and &. I, counts the number of q's minus the number of r's. The constraints on the charges are: the sum of the charges in (n, 1, 1') of nis zero, and the sum of q charges is proportional to y and is equal to the sum of & charges.
Class ll: G"=G, xG, xG"-xU, x U, (Case 3).
The only constraint on the electric charges is that the sum over all fermion charges in n must be zero, as in Case I of Class I. The flavor group for I'4 is SU"and the fermions are assigned to the 26, Eq. (2.30). The eigenvalues of the electric charge operator when acting on the 3 can be parametrized by (n, -1/3, n, -1/3, -n, -n, + 2/3), where n, and n, are integers. The leptons in (8, 1') have charges (+(n, -n, ), +(2n,~n, 1), +(2n, +n, --1), 0, 0j. The standard charge assignment, which in this case has Q =+1 leptons, is recovered with n, =n, =O.
Class IV: G" =6", (Cases 7, 8, and 9) In the exceptional groups, G" acts both on quarks and leptons as a simple flavor group. There are no V, factars that distinguish color. The sum of the quark cha. rges vanishes. Quark-lepton universality is imposed at the level of the gauge group, and the quarks and leptons transform as different representations of G", which arerelated in such a way that 1/3 integral charge assignments for quarks imply integral charge assignments for leptons.
The generator of the U, (-SU,~SU"which is G" for E"must possess eigenvalues (n, -1/3, n, -1/3, -n, -n, The standard charge assignment, which is the only one that looks interesting, is recovered with n, = n, = m, = m, =0.
Case 9:
The generator of an arbitrary Q,~SU, is specified by five parameters. The The E, doubled . 66 of fermions, Eq. (2.36), has 12 quarks; X must generate a Uy (:SU6 As in Case 9 of Section III, we parametrize the U, in terms of six integers n. Then there are two solutions A"(6, 3') = n + k + 1/3, A"(6, 3') =-n"+k+2/3, (1) M=O 
